Our starting point is the general procedure of prolongating a connection Γ on a fibered manifold Y → M to a connection on the fibered manifold F Y → M , where F is an arbitrary bundle functor on the category F M m,n of fibered manifolds with m-dimensional bases and n-dimensional fibers and their local isomorphisms, [6] . This procedure is based on the flow prolongation of vector fields. In [6] and [8] it is clarified that if F has the base order r, then one needs an auxiliary linear r-th order connection Λ on the base manifold M to construct the induced connection F (Γ, Λ) on F Y . In Section 2 of the present paper we deduce that every projectable morphism Φ : Y × M ∧ k T M → T Y linear in the second factor, which is equivalent to a projectable semibasic tangent valued k-form on Y , induces a morphism F (Φ, Λ) :
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F Y × M ∧ k T M → T F Y in a similar way. But first of all we clarify, in Proposition 1, that the set of such forms, or equivalently morphisms, is closed with respect to the Frölicher-Nijenhuis bracket. In Section 3 we present the coordinate expression of J 1 (Φ, Λ) in the case of the functor J 1 of the first jet prolongation. In Proposition 2
we deduce that the curvature C J 1 (Γ, Λ) of the connection J 1 (Γ, Λ) differs from the prolongation J 1 (CΓ, Λ) of the curvature CΓ of Γ by a term depending on the curvature of the connectionΛ conjugate to the auxiliary linear connection Λ. A similar formula holds for the mixed curvature of two connections on Y . Then we define integrability of Λ by using the viewpoint of the theory of Gstructures. Proposition 3 reads that if Λ is integrable, the operation Φ → F (Φ, Λ) preserves the Frölicher-Nijenhuis bracket for the morphisms whose underlying base map is constant with respect to Λ. In Section 6 we interpret the construction of tangent bundles of fibred manifolds as a functor transforming Y → M to T Y → M and we deduce an explicit formula for the difference of C T (Γ, Λ) and T (CΓ, Λ). Our motivation arises from a general difference between the functors J 1 and T : the former preserves the fiber products, but the latter does not. The final part of the paper is inspired by a classical result from the theory of tangent valued forms on manifolds. If F is a product preserving bundle functor on the category M f of all manifolds, the prolongation of a tangent valued k-form from a manifold M to F M can be constructed by using the canonical exchange diffeomorphism between F T M and T F M , [1] , [3] , [13] . For a fiber product preserving bundle functor F on the category F M m of fibered manifolds with m-dimensional bases and fibered manifold morphisms with local diffeomorphisms as base maps, we show that one can use a kind of exchange map that has been recently introduced by the second author, [4] . In this case we can construct a prolongation F (ϕ, Λ) of every projectable tangent valued k-form ϕ on Y → M by means of an auxiliary r-th order linear connection Λ on M . If ϕ is semibasic, we obtain the same result as in Section 2. As an example, in Section 8 we discuss the case F = J 1 in detail.
All manifolds and maps are assumed to be infinitely differentiable. Unless otherwise specified, we use the terminology and notation from the book [6] .
Semibasic forms and morphisms. Consider a fibered manifold
whenever at least one of the vectors Z 1 , . . . , Z k is vertical. Such a form defines a morphism linear in the second factor Φ :
This definition is correct: if we take another
is a morphism linear in the second factor, then (2) defines a semibasic tangent valued k-form on Y , which will be sometimes denoted by ω(Φ).
, be local fiber coordinates on Y . If Φ is projectable, which is the same as ω(Φ) is projectable, then the coordinate expression of both Φ and ω(Φ) is
Consider another tangent valued l-form ψ on Y .
Proposition 1.
If both ϕ and ψ are projectable and semibasic, then the Frölicher-Nijenhuis bracket [ϕ, ψ] is also projectable and semibasic.
P r o o f. It is well known that [ϕ, ψ] is also projectable, [6] . To prove the main assertion, we use the Lie bracket formula for [ϕ, ψ], [6] , p. 71. Assume that one entry is a vertical vector field. Since the Lie bracket of a projectable vector field and a vertical vector field is vertical, we have one vertical vector field in each term on the right hand side of the formula. Hence the value of [ϕ, ψ] vanishes, so [ϕ, ψ] is semibasic.
Thus our approach defines the Frölicher-Nijenhuis bracket of two linear projectable morphisms Φ :
for the underlying base maps. Then the explicit formula
where ξ 1 , . . . , ξ k+l are vector fields on M and the summations are with respect to all permutations of k + l letters.
2. The flow prolongation of projectable semibasic forms. Consider a bundle functor F on the category F M m,n of fibered manifolds with m-dimensional bases and n-dimensional fibers and their local isomorphisms, [6] . The definition of the order of F is based on the concept of the (q, s, r)-jet, s q r, of fibered manifold morphisms, [6] , p. 126. Consider two fibered manifolds p :
The number r is called the base order of F .
For a projectable morphism linear in the second factor Φ :
linear in the second factor that will be called the flow prolongation of Φ. Consider a linear r-th order connection Λ on M , i.e. a base preserving linear morphism Λ :
where β is the target jet projection.
is said to be the flow prolongation of Φ with respect to Λ.
Clearly, if the values of Φ lie in the vertical tangent bundle
V Y of Y , then the values of F (Φ, Λ) lie in V (F Y → M ).
3.
To supply an example, we are going to discuss the case F = J 1 of the first jet prolongation in detail. For a projectable vector field η on Y with the coordinate expression
its flow prolongation J 1 η is given by the well known formula
Consider Φ with the coordinate expression (3). Using direct evaluation, we obtain the following additional coordinate expression of J 1 (Φ, Λ) :
(10) 
Using (10), we obtain the well known additional coordinate expression of the connection
Hence we can construct
To compare (14) with the curvature of J 1 (C, Γ)
we need the following concept.
The curvature of the classical linear connection Λ can be interpreted as a map
The well known exact sequence
WriteΛ for the classical conjugate connection of Λ. The following assertion can be proved by direct evaluation.
Remark. A more general result will be interesting from the viewpoint of our theory. If ∆ is another connection on Y , then the mixed curvature of Γ and ∆ is defined to be the Frölicher-Nijenhuis bracket
Even in this case we have deduced by direct evaluation
, Proposition 2 is a special case of (16). Definition 2. A linear r-th order connection Λ on M is said to be integrable, if
We define integrability of
for every x ∈ M there exists a neighbourhood U and a diffeomorphism f :
We say that f is a normal coordinate system of the integrable connection Λ. One verifies easily that two normal coordinate systems of Λ differ by an affine transformation Ê m → Ê m . In the case r = 1, a classical result reads that a classical linear connection is integrable if and only if it is both torsion-free and curvature-free.
Assume Λ is integrable and consider a tangent valued k-form ϕ on M . We say that ϕ is constant with respect to Λ, if in every normal coordinate system of Λ all coefficients of ϕ are constant. In particular, the identity one-form id T M is constant with respect to every integrable Λ. Clearly, if ψ is another tangent valued l-form on M constant with respect to Λ, then [ϕ, ψ] = 0. Now we can describe the most important case in which the operation Φ → F (Φ, Λ) preserves the Frölicher-Nijenhuis bracket. Consider two projectable morphisms Φ :
Proposition 3. If Λ is integrable and the underlying tangent valued forms Φ and Ψ are constant with respect to Λ, then
P r o o f. In a normal coordinate system of Λ, consider constant vector fields X 1 , . . . ,X k+l . In particular, it we have [X i ,X j ] = 0. By Definitions 1 and 2, we have
and analogously for F (Ψ, Λ) and F ([Φ, Ψ], Λ). Consider (4) with ξ's replaced byX's. Since Φ and Ψ are constant with respect to Λ, Φ(X 1 , . . . ,X k ) and Ψ(X k+1 , . . . ,X k+l ) are also constant vector fields and all terms on the right hand side except the first ones vanish. Now we apply F to both sides and use the fact that the flow prolongation preserves the bracket of vector fields.
In particular, for every connection Γ and every integrable r-th order linear connection Λ on the base manifold we have
The same is true for the mixed curvature of two connections.
6. We find it useful to discuss the case of non-integrable Λ in another concrete situation. If we interpret the construction of the tangent bundle of a fibered manifold as a functor transforming Y → M to T Y → M , every connection Γ on Y and a linear connection Λ :
Write
on Y , the coordinate form of its flow prolongation T η is
Thus, if Γ and Λ are of the form (11) and (9), the equations of T (Γ, Λ) are
The clasical curvature CΛ of the conjugate connection of Λ can be interpreted as
Using direct evaluation, one deduces Taking into account t T M : J r T M → F T M and the surjective submersion F T p :
In [4] the second author introduced a map
with the following property. If η is a projectable vector field on Y over a vector field ξ on M and F η :
Moreover, the map
is a diffeomorphism.
To clarify the basic ideas, we start with the case of a projectable tangent valued one-form ϕ : T Y → T Y over ϕ : T M → T M . We have the induced map
Consider the diagram (26)
If η is a projectable vector field on Y , then ϕ(η) is also a projectable vector field on Y .
. By functoriality,
In [5] , it is deduced that F ϕ is a bilinear morphism. If we add Λ : T M → J r T M , the above lemma implies while in the coordinate form of µ and a diagram analogous to (26) defines a map F ϕ. The antisymmetry of ϕ induces the antisymmetry of F ϕ, so that the latter can be interpreted as a map
If we add the k-th exterior power of Λ : T M → J r T M to the second factor, we obtain a tangent valued k-form F (ϕ, Λ) on F Y , which will be called the F -prolongation of ϕ with respect to Λ.
If ϕ = ω(Φ), we deduce analogously to Proposition 6 (38) ω F (Φ, Λ) = F ω(Φ), Λ .
